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Abstrat
We haraterize the generating funtion of bipartite planar maps ounted aording
to the degree distribution of their blak and white verties. This result is applied to
the solution of the hard partile and Ising models on random planar latties. We thus
reover and extend some results previously obtained by means of matrix integrals.
Proofs are purely ombinatorial and rely on the idea that planar maps are onjugay
lasses of trees. In partiular, these trees explain why the solutions of the Ising and
hard partile models on maps of bounded degree are always algebrai.
1 Introdution
The enumeration of planar maps (i.e., onneted graphs drawn on the sphere with non-
interseting edges) has reeived a lot of attention sine the 60's. Four deades of exploration
have resulted into three main enumeration tehniques, and two types of results: rst, a few
remarkable families of maps are ounted by very nie and simple numbers; seond, and more
generally, many families of maps share the harateristi of having an algebrai generating
funtion. Meanwhile, many exiting onnetions have been established between maps and
various branhes of mathematis, like Grothendiek's theory of "dessins d'enfants" or knot
theory, and, most importantly for this paper, between maps and ertain branhes of physis.
This paper presents a ombinatorial approah for solving two types of physis models
on maps: the Ising and hard partile models. In these models, the verties of the maps
∗
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arry spins or partiles; their solution is equivalent to a weighted enumeration of maps. The
weight is in general a speialization of the Tutte polynomial of the map.
The idea of putting suh a model on maps originates in physis, and more preisely in
two-dimensional quantum gravity : in this theory, maps arise as disrete models of geometries,
or random planar latties, and a lattie not arrying any spin or partile is only moderately
interesting. As an be observed in numerous oasions, physiists are not only good at doing
physis: in this ase, Brézin et al., in the steps of t'Hooft [24℄, developed a new approah for
ounting maps, ompletely dierent from what had been done previously in ombinatoris.
This approah, suggested by quantum eld theory, is based on the evaluation of matrix
integrals with well hosen potentials [3, 8℄. An introdution to these tehniques, intended
for mathematiians, is presented in [29℄, and a far reahing aount an be found in [12℄.
This approah is extremely powerful: it allows to produe quikly expressions for generat-
ing funtions without requiring muh invention at the ombinatorial level. In partiular, the
Ising model on tri- and on tetravalent maps (maps with verties of degree 3 or 4) was solved
via this approah in the late 80's, yielding intriguing algebrai generating funtions [4, 17, 19℄;
the same kind of tehnique was applied muh more reently to the hard partile model on
a larger variety of maps
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[6℄. However, the evaluation of the matrix integrals as presented
in most papers is not satisfying from the mathematial point of view: justiations of the
alulations are often omitted, whereas they involve non-trivial omplex analysis and resum-
mation issues. Moreover, this approah gives little insight on the ombinatorial struture of
maps and does not explain the algebrai nature of the generating funtions thus obtained.
The material presented in this paper provides an alternative approah to the Ising and
hard partile models, and has none of the above mentioned drawbaks. It is essentially
of a bijetive nature, and only involves elementary ombinatorial arguments. We show
that ertain families of plane trees are at the heart of both models, and this justies the
algebraiity of their solutions
2
. We do not study the singularities of the series we obtain,
even though they are very signiant from the physis point of view: this has already been
done in [4, 6, 17℄, and is anyway routine for algebrai series.
The entral objets of our paper are atually the bipartite maps, whih we enumerate
aording to the degree distribution of their blak and white verties. We thus extend
the results of [5℄ on the so-alled onstellations, and also the results of [7℄ on the degree
distribution of (uniolored) planar maps (the latter being in one-to-one orrespondene with
bipartite maps in whih all blak verties have degree two). Then, we show that the solutions
of the Ising and hard partile models are losely related to the enumeration of bipartite maps.
Our approah provides a new illustration of the priniple aording to whih planar maps
are, in essene, onjugay lasses of trees. This idea was introdued by the seond author of
this paper in order to explain bijetively ertain nie formulae for the number of maps [22, 23℄.
Then, it led to a ommon generalization of formulae of Tutte and Hurwitz [5℄, before being
adapted to maps satisfying 2- and 3-onnetivity onstraints [20, 21℄. A few months ago,
1
The hard partile model an be seen as a speialization of the Ising model in a magneti eld, see below
for details.
2
Indeed, what is more algebrai than a tree generating funtion?
2
Bouttier et al. leverly built on the same idea to give a bijetive derivation of Bender and
Caneld's solution of the very general problem of ounting maps by the degree distribution
of their verties [2, 7℄.
Let us mention that the seminal work of Tutte on the enumeration of maps was not based
on bijetions, but on reursive deompositions of maps, whih led to funtional equations
for their generating funtions. This type of approah is usually fairly systemati; ombined
with the so-alled quadrati method and its generalizations, it has provided many algebraiity
results, inluding reent ones [2, 9, 14, 25, 26℄. It yields short self-ontained proofs, relying
only on elementary deompositions and algebrai alulus in the realm of formal power series.
However, as far as we know, there has been very few suessful attempts to apply this method
to the enumeration of maps arrying an additional struture, like an Ising model. Roughly
speaking, the standard deompositions of maps still provide ertain funtional equations,
but these are muh harder to solve that in the previous ases. This is perfetly illustrated
by the tour de fore ahieved by Tutte, who spent 10 years solving the equation he had
established for the hromati polynomial of triangulations [27℄.
For the sake of ompleteness, let us mention a few additional results and tehniques.
The rst bijetive proofs in map enumeration are due to Cori [10℄ and later to Arquès [1℄.
Some models involving self-avoiding walks on maps an essentially be solved without matrix
integrals [13℄, by using enumeration results due to Tutte. Then, a luster expansion method
has been developed very reently for a general model of spins with neighbor interations
on maps [18℄. However, this provides only partial qualitative results and does not allow
to reover the ritial exponents of the hard partile and Ising models (whereas they an
be derived from the generating funtions obtained either with our approah or with matrix
integrals). Finally, the enumerative theory of ramied overings of the sphere has led a
number of authors to onsider a very rened enumeration of maps on higher genus surfaes,
in whih the degrees of verties and faes are taken into aount. The relevant methods rely
on the enoding of maps by permutations [11℄ and lead to expressions involving haraters
of the symmetri group [15, 16℄. However, to the best of our knowledge, none of the simple
generating funtions of planar maps have ever been rederived from these expressions.
2 A glimpse at the results
To begin with, let us reall a few denitions and onventions. A planar map is a 2-ell
deomposition of the oriented sphere into verties (0-ells), edges (1-ells) and faes (2-ells).
In more vernaular terms, it is a onneted graph drawn on a sphere with non-interseting
edges. Loops and multiple edges are allowed. Two maps are isomorphi if there exists an
orientation preserving homeomorphism of the sphere that sends one onto the other. A map
is rooted if one of its edges is distinguished and oriented. In this ase, the map is drawn
on the plane in suh a way the innite fae lies to the right of the root edge. All the maps
onsidered in this paper are planar, rooted, and onsidered up to isomorphisms. An example
is provided in Figure 1.1; this map is tetravalent, meaning that all verties have degree 4.
In the physis literature, authors often onsider unrooted maps; but they ount them with
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a symmetry fator whih makes the problem equivalent to ounting rooted maps, up to a
dierentiation of the (unrooted) generating funtion.
3.2.1.
Figure 1: 1. A tetravalent map  2. An Ising onguration on a quasi-tetravalent map with
8 frustrated edges (dashed edges)  3. A hard partile onguration with 3 partiles on a
tetravalent map.
In ombinatorial terms, the solution of the Ising model on planar maps (in a magneti
eld) is equivalent to ounting maps having verties of two types (white and blak): one has
to ount them, not only by their number of edges and verties of eah olor, but also by the
number of frustrated edges, that is, edges that are adjaent to a white vertex and to a blak
one.
The tools developed in this paper allow us to solve the Ising model on any lass of maps
subjet to degree onditions. The assoiated generating funtions are algebrai as soon as
the degrees of the verties are bounded. Here is, for instane, the result we obtain for quasi-
tetravalent maps: maps having only verties of degree 4, exept for the root vertex whih
has degree 2 (Figure 1.2).
Proposition 1 (Ising on quasi-tetravalent maps) Let I(X, Y, u) be the generating
funtion for biolored quasi-tetravalent maps, rooted at a blak vertex, where the variable
X (resp. Y ) ounts the number of white (resp. blak) verties of degree 4, and u ounts the
number of frustrated edges. Let P (x, y, v) ≡ P be the power series dened by the following
algebrai equation:
P = 1 + 3xyP 3 + v2
P (1 + 3xP )(1 + 3yP )
(1− 9xyP 2)2 .
Then the Ising generating funtion I(X, Y, u) an be expressed in terms of P (x, y, v), with
x = X(u− u¯)2, y = Y (u− u¯)2, and v = u¯ = 1/u. One possible expression is:
I(X, Y, u)
1− u¯2 = xP
3 +
P (1 + 3xP − 2xP 2 − 6xyP 3)
1− 9xyP 2 −
yv2P 3(1 + 3xP )3
(1− 9xyP 2)3 .
As P itself, the series I(X, Y, u) is algebrai of degree 7.
Remarks
1. Replaing X by tX and Y by tY gives a generating funtion in whih tetravalent verties
4
are ounted by t. The expansion of the Ising generating funtion then begins as follows:
I(tX, tY, u) = 1 + t(2Xu2 + 2Y ) + t2
(
9X2u2 + 9Y 2 +XY (12u2 + 6u4)
)
+O(t3).
These terms orrespond to maps having at most two tetravalent verties; they are shown on
Figure 2.
2. It is easy to hek that the parametrization by P is equivalent to the one given by Boula-
tov and Kazakov for the free energy of the Ising model on tetravalent maps [4, Eq. (17)℄.
Proposition 1 will only be proved in Setion 7. At the heart of the proof is the fat that
the series P is the generating funtion of ertain trees, as suggested by the equation dening
P . We shall also prove that the Ising generating funtion for truly tetravalent maps belongs
to the same algebrai extension of Q[X, Y, u] as P . But its expression in terms of P is messier
(Proposition 22).
42XYu
2 2X u  
24Y  24Y  
2 2
 4X u 
2Y  2Y
2Xu 2
 4X u 2
2 4 2 4XY(6u +2u  ) XY(6u +2u  )
2
Figure 2: The (unrooted) tetravalent maps having a most two verties. The polynomials in
X, Y and u desribe the number of ways of adding a blak root vertex of degree 2 and the
Ising weight of the resulting quasi-tetravalent maps.
Observe that the series I(X, Y, u) ontains all the information we need to ount also the
number of uniform (non-frustrated) edges. In partiular, the series uI(X, Y u2, 1/
√
u) ounts
biolored quasi-tetravalent maps by their white and blak verties (variables X and Y ), and
by the number of uniform blak edges (variable u). By setting u to zero in this series, we
forbid suh edges. In partiular, both neighbours of the blak root vertex are white. Let
us erase the root vertex: the root edge is now uniformly white. Let H(X, Y ) denote the
limiting series of uI(X, Y u2, 1/
√
u) as u goes to zero: it ounts biolored planar maps, rooted
at a uniformly white edge, in whih two adjaent verties annot be both blak. Say that a
white (resp. blak) vertex is vaant (resp. oupied by a partile): we have just solved the
so-alled hard partile model on tetravalent maps. A hard partile onguration is shown on
Figure 1.3.
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Corollary 2 (Hard partiles on tetravalent maps) The hard partile generating fun-
tion for tetravalent maps rooted at an edge whose ends are vaant is algebrai of degree 7
and an be expressed as:
H(x, y) = xP 3 +
xP 2(3− 2P )
1− 9xyP 2 −
27x3yP 6
(1− 9xyP 2)3
where P ≡ P (x, y) is the power series dened by
P = 1 + 3xyP 3 +
3xP 2
(1− 9xyP 2)2 .
More generally, our tehniques will allow us to solve the hard partile model on any lass
of maps dened by degree onditions. This inludes the ase of tri- and tetravalent maps
solved in [6℄ via matrix integrals, but not the ase of tri- and tetravalent bipartite maps (all
yles have an even length) also solved in [6℄. These bipartite models seem to mimi more
faithfully the phase transitions observed on the square and honeyomb latties (whih are
of ourse bipartite).
Our method for solving the Ising and hard partile models uses a detour via the enu-
meration of fully frustrated maps, better known as bipartite maps. Their enumeration will
be based on a orrespondene between these maps and ertain trees, alled blossom trees.
These trees have an algebrai generating funtion as soon as the degrees of their verties are
bounded. In partiular, the series P of Proposition 1 and Corollary 2 will be shown to ount
ertain blossom trees.
LeafBud
1
2
1
−1
0
0
1
0 0
−3
Figure 3: A bipartite map; a blossom tree rooted at a leaf, and the harge at eah subtree.
Let us give a brief desription of these blossom trees that are at the heart of bipartite
maps. An example is provided by Figure 3. As one an expet, these trees are themselves
biolored: all the neighbours of a blak vertex are white, and vie-versa. In addition to the
standard verties and edges, blossom trees arry half-edges, whih are alled leaves when
they hang from a white vertex, and buds otherwise. Leaves are represented in our gures by
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short segments, while buds are represented by blak outgoing arrows. The trees are rooted at
a leaf or a bud, and the vertex attahed to this half-edge is alled the root vertex. Finally, we
dene the harge of a tree to be the dierene between the number of leaves and the number
of buds it ontains; the root half-edge does not ount. The harge at a vertex is the harge of
the subtree rooted at this vertex. We impose the following harge onditions on the verties
of blossom trees (exept at the root vertex): all white verties have a nonnegative harge,
while all blak verties have a harge at most one. The notion of harge was introdued by
Bouttier et al. in [7℄ for the enumeration of usual planar maps, and turns out to be also
useful in the bipartite ase.
Given the neat reursive struture of trees, it is not diult to write funtional equations
that govern a very detailed generating funtion for blossom trees. Let x = (x1, x2, . . .) and
y = (y1, y2, . . .). For i ∈ Z, let Wi(x,y) be the generating funtion for blossom trees rooted
at a leaf suh that the harge at the (white) root vertex is i. In this series, the variable
xk (resp. yk) ounts white (resp. blak) verties of degree k. Similarly, let Bi(x,y) be the
generating funtion for blossom trees rooted at a bud suh that the harge at the (blak)
root vertex is i. Let us form the following generating funtions:
W (x,y; z) ≡W (z) =
∑
i≥0
Wi(x,y) z
i
and B(x,y; z) ≡ B(z) =
∑
i≤1
Bi(x,y) z
i. (1)
Then
W (z) = [z≥0]
∑
k≥0
xk+1
(
z +B(z)
)k
, (2)
and
B(z) = [z≤1]
∑
k≥0
yk+1
(
1
z
+W (z)
)k
. (3)
We have used the following notation: for any power series S in x and y having oeients
in Z[z, 1/z], the series [z≥0]S(x,y; z) is obtained by seleting from S the terms with a
nonnegative power of z. The notation [z≤1] naturally orresponds to the extration of terms
in whih the exponent of z is at most one. More generally, for any i ∈ Z,
Bi(x,y) = [z
i]
∑
k≥0
yk+1
(
1
z
+W (z)
)k
. (4)
Our entral theorem gives an expression for the degree generating funtion of bipartite
planar maps. This series, denoted by B(x,y), enumerates maps by their number of white
and blak verties having a given degree k (variables xk and yk). The theorem below thus
solves a ombinatorial problem that has an interest of its own. Moreover, we shall see that
the solutions of the Ising and hard partile models on planar maps have lose onnetions
to it.
7
2 2t  x  y1 2
t  x  x  y  y1 12 23
t  x  x  y  y1 12 23
3 21
3t  x  y  y
3 21
3t  x  y  y
t  x  x  y  y1 13 24 2
4 21
4t  x  y  y2
4 21
4t  x  y  y2
t  x  x  y  y1 13 24 2
2 21
4t  x  y  y22
1 23
4t  x  x  y 2
1 23
4t  x  x  y 24 214t  x  y  y2
1 23
4t  x  x  y 2
1 23
4t  x  x  y 2
1 22
4t  x  x  y2 2
1 22
4t  x  x  y2 2
4
4 2
2t  x  y
4
4 2
2t  x  y
4 2t  x  y2 22
2t  x  y2 2
Figure 4: The bipartite maps rooted on a blak vertex of degre two and having at most 4
edges, together with their degree distribution.
Theorem 3 The degree generating funtion of bipartite planar maps rooted at a blak vertex
of degree 2 is related to the generating funtions of blossom trees as follows:
M(x,y) = y2((W0 − B2)2 +W1 −B3 − B22)
where Wi ≡Wi(x,y) and Bi ≡ Bi(x,y) are dened by (14).
Remarks
1. One an naturally write M(x,y) = y2(W
2
0 +W1 − B3 − 2W0B2), and this expression is
better suited to the appliations. However, the expression of Theorem 3 will be shown to
reet more faithfully the ombinatoris of maps.
2. Replaing xk by t
kxk gives a generating funtion in whih edges are ounted by t. The
rst few terms of M then read:
t2y2(x
2
1+x2)+2t
3y2y1(x1x2+x3)+t
4y21y2(2x1x3+3x4+x
2
2)+t
4y22(4x1x3+2x
2
1x2+2x4+x
2
2)+O(t
5).
The orresponding bipartite maps are shown in Figure 4. Theorem 3 will be proved in
Setion 5.
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3. Let us rephrase the above result in terms of permutations. A bipartite planar map with n
labelled edges an be enoded by a pair of permutations (σ, τ) of Sn satisfying the following
onditions: the group generated by σ and ρ ats transitively on {1, . . . , n}, and the three
permutations σ, ρ and σρ have a total of n+2 yles [11℄. The enumeration of suh minimal
transitive fatorizations is the subjet of a vast litterature; see [5, 15℄ and referenes therein.
For λ and µ two partitions of n, let m(λ, µ) be the number of pairs of permutations (σ, ρ)
of respetive yli type λ and µ, satisfying the two onditions indiated above. Theorem 3
gives an expression for the generating funtionM(x,y) =
∑
n≥1
∑
λ,µm(λ, µ)·2m2 ·xλyµ/n!,
where the inner summation is on all partitions λ = 1ℓ1 . . . nℓn and µ = 1m1 . . . nmn of n, and
the weights xλyµ are dened by xλ = xℓ11 · · ·xℓnn , and yµ = ym11 · · · ymnn .
9
The paper is organized as follows: in Setion 3, we desribe a general onnetion between
maps and trees: one transforms a map into a tree by utting ertain of its edges into two half-
edges. Conversely, merging half-edges of a tree gives a planar map. In Setion 4, we show
that these transformations, restrited to ertain lasses of maps and trees (alled balaned
trees) are one-to-one. Balaned trees are then enumerated in Setion 5: this proves our
entral Theorem 3 above. Finally, Setions 6 and 7 are respetively devoted to appliations
of this theorem to the solution of the hard partile and Ising models.
3 Maps and trees
Take a bipartite planar map M rooted at a blak vertex v of degree 2. These maps are
exatly those we wish to ount (Theorem 3). Let us onsider that eah of the edges that
start from v is made of two half-edges. Delete v and the two half-edges attahed to it. Two
ases our (Figure 5):
• either we get an ordered pair of maps, eah of them arrying a half-edge (or leg), on
whih it is rooted,
• or we get a single map with two half-edges, and root the map at the half-edge belonging
to the root edge of M .
 
Figure 5: The deletion of a blak root vertex of degree 2.
The degree generating funtion of bipartite maps rooted at a blak vertex of degree 2 an
thus be written as
M(x,y) = y2(L1(x,y)
2 + L2(x,y)), (5)
where the series L1 and L2 respetively ount by their degree distribution maps with one or
two legs, rooted at a leg. The reason why we keep the legs is that we do not want to modify
the degrees of the verties. Compare Equation (5) to Theorem 3: the next three setions are
devoted to proving that L1 = W0 − B2 and L2 = W1 − B3 −B22 .
The above deomposition explains why, as in [7℄, we shall be interested in generalized
bipartite maps, that do not only onsist of the traditional edges and verties, but also ontain
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a number of half-edges in their innite fae (when drawn on the plane), and are rooted at
one of these half-edges. Let us insist on the distintion between a half-edge, whih is inident
to only one vertex, and a dangling edge, whih is inident to two verties, one of whih has
degree one. From now on, in this setion and the next two, all maps are bipartite and rooted
at a half-edge. This requires, unfortunately, to introdue a bit of terminology. In passing,
we shall reformulate slightly the denition of blossom trees given in Setion 2.
The vertex adjaent to the root half-edge is alled the root vertex of the map. Half-
edges that hang from blak verties are alled buds and are represented in our gures by
blak outgoing arrows. Half-edges that hang from white verties are alled leaves and are
represented by short segments. The degree distribution of a map is the pair of partitions
(λ, µ) suh that λ gives the degree distribution of white verties and µ gives the degree
distribution of blak verties. Half-edges are inluded in the degree of the vertex they are
attahed to. A map with b buds and ℓ leaves obviously satises b + |λ| = ℓ + |µ| where
|λ| denotes the sum of the parts of λ. The 1-leg map of Figure 6 has degree distribution
λ = 22345, µ = 2425.
Let us now dene two important sublasses of maps. A k-leg map is a map with exatly
k leaves and no bud; hene a k-leg map is rooted at one of its leaves. A tree is a map with
only one fae (and an arbitrary number of buds and leaves). The total harge of a tree is
the dierene between its number of leaves and its number of buds; the root half-edge is
ounted. The harge of a tree is the same dierene, but the root half-edge is not ounted.
Hene the harge and total harge always dier by ±1.
Take a tree T and an edge e of this tree. Cut e into two half-edges: this leaves two
subtrees, rooted at these half-edges. The subtree that does not ontain the root of T is
alled the lower subtree of T at e. Let T •e denote the subtree ontaining the blak endpoint
of e and T ◦e the other one. The harges c◦ of T
◦
e and c• of T
•
e satisfy c◦ + c• = c, where c is
the total harge of T . The blak harge rule is satised at e if the subtree T •e has harge at
most one. The white harge rule is satised at e if the subtree T ◦e has a nonnegative harge.
A tree is alled a blossom tree if all its lower subtrees satisfy the harge rule orresponding
to their olor. An example is displayed on Figure 3. The series Wi and Bi dened by (14)
respetively ount blossom trees of harge i rooted at a leaf and a bud. The following lemma,
immediate in the ase m = 1, will prove useful later on.
Lemma 4 Let T be a tree of total harge one, and let e be an edge of T . Then the blak
harge rule is satised at e if and only if the white harge rule is satised at e.
If, in addition, T is a blossom tree, then both harge rules are satised at every edge;
re-rooting T at another half-edge yields again a blossom tree.
3.1 Balaned trees and their losure
In this setion we dene the losure as a mapping φ from ertain blossom trees with total
harge k ≥ 1 to k-leg maps. This losure is the same as in earlier texts using the idea of
onjugay lasses of trees [5, 7, 20, 21, 22, 23℄.
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Let T be a tree with total harge k ≥ 1. Its half-edges form a yli sequene around the
tree in ounterlokwise diretion. Buds and leaves an be mathed in this yli sequene as
if they were respetively opening and losing brakets. More preisely, rst math the pairs
made of a bud and a leaf that are immediately onseutive in the yli sequene. Then,
forget mathed buds and leaves, and repeat until there is no more possible mathing. In view
of the number of buds and leaves in the original yli sequene, k leaves remain unmathed.
These leaves are alled the single leaves of T .
A tree rooted at a leaf is said to be balaned if its root is single. The losure of a balaned
tree T is obtained as follows: math buds and leaves into pairs as previously explained and
fuse eah pair into an edge (in ounterlokwise diretion around the tree). The root remains
unhanged. We thus have:
Proposition 5 Let T be a balaned tree having total harge k and degree distribution (λ, µ).
Then φ(T ) is a k-leg map with degree distribution (λ, µ).
Figure 6: The losure of a balaned tree.
There is an alternative desription of the losure as an iterative proess, illustrated by
Figure 6: start from a balaned tree T and walk around the innite fae in ounterlokwise
order; eah time a bud is immediately followed by a leaf in the yli sequene of half-
edges, fuse them into an edge in ounterlokwise diretion (this reates a new nite fae
that enloses no unmathed half-edges); stop the ourse when all buds have been mathed.
Observe that this proess may in general require to turn several times around the tree. A
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more eient method is to use a stak (that is, a rst-in-last-out waiting line): store buds
in the stak as they are met and math leaves as they are met with the rst bud available in
the stak. While this is algorithmially more eetive, we shall ontent ourselves with the
previous simpler desription.
3.2 The opening of a k-leg map
In this setion we dene the opening ψ as a mapping from k-leg maps to trees with total
harge k.
The opening of a map is the result of an iterative proedure: start from a k-leg map M
and walk around the innite fae in ounterlokwise order, starting from the root; eah time
a non-separating
3
edge has just been visited from its blak endpoint to its white endpoint, ut
this edge into two half-edges: a bud at the blak endpoint and a leaf at the white endpoint;
proeed until all edges are separating edges. An example is shown on Figure 7. The opening
proess annot get stuk: as long as there are non-separating edges, a positive even number
of them are inident to the innite fae; half of them are oriented from blak to white in the
ounterlokwise diretion. The nal result is then a tree rooted at a leaf.
Figure 7: The rst few steps of the opening of a 1-leg map. The nal tree will be the one of
Figure 6.
In view of the number of buds and leaves reated, the image T = ψ(M) of a k-leg map
is a tree with total harge k. Moreover, the pairs of buds and leaves reated by the opening
are in orrespondene in the mathing proedure of the tree, so that the tree is balaned.
Hene the proposition:
Proposition 6 The losure is inverse to the opening: for any k-leg map M , φ(ψ(M)) = M .
We shall prove below that the tree ψ(M) reated by the opening of a map is not only
balaned, but is also a blossom tree; that is, all its lower subtrees satisfy the harge rules.
3
An edge is separating if its deletion disonnets the map, non-separating otherwise; a map is a tree if
and only if all its edges are separating.
13
4 Bijetions between maps and balaned blossom trees
4.1 The fundamental ase of one-leg maps
Theorem 7 Closure and opening are inverse bijetions between balaned blossom trees of
total harge 1 and 1-leg maps. Moreover they preserve the degree distribution (λ, µ).
In order to prove Theorem 7, we rst exhibit a bijetive deomposition of 1-leg maps into one
or two smaller 1-leg maps. Then, we present a related deomposition of balaned blossom
trees of total harge 1. We observe that the two deompositions are isomorphi, so that they
indue a reursive bijetion between 1-leg maps and balaned blossom trees of total harge 1.
This bijetion preserves the degree distribution. One the existene of a bijetion has thus
been established, we want to identify it as the opening of maps. We observe that the opening
transforms the deomposition rules of maps into the deomposition rules of trees. In view
of Propositions 5 and 6, this proves that losure and opening realize this reursive bijetion.
4.1.1 Deomposition of one-leg maps
We partition the set M of one-leg maps into four disjoint subsets and dene a bijetive
deomposition for eah of these subsets, as illustrated by Figure 8. We assoiate two param-
eters with eah map M : its degree distribution (λ, µ), and the redued degree of its innite
fae, denoted by d(M) (redued means that the root leaf is not ounted, so that d(M) is
even). These parameters will be used to hek that the reursive deomposition of one-leg
maps is isomorphi to that of balaned blossom trees given further.
The four subsets are dened by onsidering the rst and seond edge e1 and e2 that are
met when walking around the innite fae in ounterlokwise diretion, starting from the
root. We denote by M0 the map redued to a single vertex with one leg. We denote by M+
the set M\ {M0}.
• M = M0. This is the base ase, where the reursive deomposition stops. The innite
fae of M0 has redued degree zero.
• M ∈M1: e1 is a dangling edge. Let r1(M) be the map obtained from M by removing
e1 and its blak endpoint.
The mapping r1 is a bijetion from M1 to M. Moreover d(M) = d(r1(M)) + 2.
• M ∈ M2: e1 is not dangling and e2 is a separating edge. Detah e2 from its blak
endpoint and turn it into a leaf e′2; two omponents remain: a one-leg map M1 rooted
at the root leaf of M , and a one-leg map M2 rooted at the new leaf e
′
2. Let r2(M) =
(M1,M2).
The mapping r2 is a bijetion from M2 to M+ ×M. Moreover, d(M) = d(M1) +
d(M2) + 2.
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• M ∈ M3: e1 is not dangling and e2 is not a separating edge. Let M ′ be obtained as
follows: delete the root leaf of M , detah e2 from its blak endpoint, turn it into a leaf
e′2, and re-root the map on this new leaf e
′
2. Let r3(M) = (d(M),M
′). Observe that
d(M ′) ≥ d(M).
The mapping r3 is a bijetion fromM3 onto the set {(d,M ′) | M ′ ∈ M+, d even, 2 ≤
d ≤ d(M ′)}. This mapping is reversible, sine the value of d tells us where to reate
the new root.
4.1.2 Deomposition of balaned blossom trees with total harge one
We partition the set T of balaned blossom trees of total harge one into four disjoint subsets
and dene a bijetive deomposition for eah of these subsets, as illustrated by Figure 9. The
two parameters we retain for a tree T are again its degree distribution (λ, µ), and the redued
degree of the losure of T , that is, δ(T ) := d(φ(T )).
The four subsets of trees are dened by examining the rst and seond edges or half-edges
e1 and e2 that are met when walking around the innite fae in ounterlokwise diretion,
starting from the root. We denote by T0 the tree redued to a vertex with a root leaf, and
by T + the set T \ {T0}.
• T = T0. This is the base ase, where the reursive deomposition stops. The innite
fae of φ(T ) has redued degree zero.
• T ∈ T1: e1 is a dangling edge. Let s1(T ) be the tree obtained from T by removing e1
and its blak endpoint.
The mapping s1 is a bijetion from T1 to T . Moreover δ(T ) = δ(s1(T )) + 2.
• Observe that e1 annot be a leaf, sine T is balaned and has only one single leaf.
• T ∈ T2: e1 is not dangling and e2 is not a bud. Detah e2 from its blak endpoint
and turn it into a leaf e′2; two omponents remain, a tree T1 rooted at the root leaf
of T , and a seond tree T2 rooted at the new leaf e
′
2 (with the notations used at the
beginning of this setion, T2 = T
◦
e2). Let s2(T ) = (T1, T2).
We wish to prove that T1 and T2 are balaned blossom trees of total harge one. Reall
that T is balaned, and examine the losure of T . Sine the subtree T2 immediately
follows the root in the innite fae of T , no bud of T1 an be mathed to a leaf of T2.
Moreover, none of the leaves of T2 is single in T (sine T has a unique single leaf, whih
is its root). Therefore, all leaves of T2 are mathed to buds of T2 in the losure of T .
Sine T is a blossom tree, the harge of T2 is nonnegative, so that no bud of T2 an
math a leaf of T1. In other words, the losure takes plae independently in T1 and T2.
This proves that T1 and T2 are balaned, and have total harge 1 (and hene harge
0). In partiular, the lower harge at e1 is not modied in the transformation, and T1
and T2 are blossom trees.
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Figure 9: The deomposition of balaned blossom trees of total harge 1.
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Hene, the mapping s2 is a bijetion from T2 to T + × T . Moreover, δ(T ) = δ(T1) +
δ(T2) + 2.
• T ∈ T3: e1 is not dangling and e2 is a bud. Let e′2 be the leaf to whih e2 is mathed
in the losure φ(T ). Let s3(T ) = (δ(T ), T
′) where T ′ is obtained from T by deleting
the root leaf and the bud e2, and re-rooting the tree on the leaf e
′
2.
The tree T ′ is learly balaned, and has total harge 1. We wish to hek that it
satises the harge rules of blossom trees. Aording to Lemma 4, the tree obtained
by re-rooting T at e′2 satises both harge rules at every edge, so that it is suient
to onsider the eet of deleting the bud e2 and the root leaf of T . Sine these two
deleted half-edges are inident to e1, this edge is the only one where the harges are
modied. Let i ≥ 0 be the harge of T ◦e1 . Then T •e1 has harge 1 − i, and the harges
of T ′◦e1 and T
′•
e1
are respetively i− 1 and 2− i. It is thus suient to prove that i ≥ 1.
If i was equal to 0, a bud of T1 would math the root leaf of T , whih would not be
balaned.
Observe that δ(T ′) ≥ δ(T ). The mapping s3 is a bijetion from T3 onto the set
{(d, T ′) | T ′ ∈ T +, d even, 2 ≤ d ≤ δ(T ′)}. The value of d indiates the position of the
edge e1 in the innite fae of the losure φ(T
′).
Comparing Figures 6 and 7 shows that the degree distribution (λ, µ) is altered in the same
way by both deompositions: this proves the existene of a reursive bijetion between 1-leg
maps and balaned blossom trees of total harge 1, preserving the degree distribution. It is
then an easy task to hek that the opening proedure transforms the deomposition rules
of maps into the deomposition rules of trees, and this ompletes the proof of Theorem 7.
4.2 2-leg maps and other extensions
Theorem 7 extends to balaned blossom trees of total harge 2 and 2-leg maps.
Theorem 8 There is a bijetion between balaned blossom trees of total harge 2 and 2-leg
maps. Moreover this bijetion preserves the degree distribution (λ, µ).
Proof. Take a balaned blossom tree T of total harge 2. Observe that, apart from its root
r, another leaf e1 is single and ends up in the innite fae of the map φ(T ) when losing
the edges of T . Replae r by an edge ending with a marked blak vertex of degree 1, and
re-root the resulting tree T ′ at e1. The tree T
′
has total harge 1 and is still a blossom tree
aording to Lemma 4. Moreover the pairs of buds and leaves that are mathed by losure
are the same in T ′ as in T (the losure does not depend on the root). In partiular r and
e1 are left untouhed in the innite fae. Closure followed by re-rooting is thus a bijetion
between balaned blossom trees of total harge 2, and balaned blossom trees of total harge
1 with a marked blak vertex of degree 1 whih ends up in the innite fae of φ(T ′) when
the edges of T ′ are losed. Theorem 8 is therefore a mere onsequene of Theorem 7.
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The extension to maps with more than two legs is harder but the following result will be
suient for our purpose.
Theorem 9 Let m ≥ 3 be an integer. Closure and opening are inverse bijetions between
balaned blossom trees of total harge m in whih the degrees of verties are all multiples of
m, and m-leg maps satisfying the same ondition. Moreover the degree distribution (λ, µ) is
preserved.
The proof of this theorem is based on a simple lemma.
Lemma 10 Let T be a blossom tree in whih the degrees of all verties are multiples of m.
Let T ′ be obtained from T by replaing up to m−1 non-root leaves of T by edges ending with
a blak vertex. Then T ′ is still a blossom tree.
Proof. Let T be a tree in whih the degrees of all verties are multiples of m. Let (λ, µ)
denote the vertex distribution of T , and observe that m divides |λ| and |µ|. Then m also
divides the total harge of T , beause the latter is the dierene between the number nℓ of
leaves and nb of buds, whih satisfy nb + |λ| = nℓ + |µ|.
Assume moreover that T is a blossom tree. Then any lower subtree T ◦e of T has by
denition a harge c◦ ≥ 0. Aording to the previous disussion the total harge c◦+1 of T ◦e
is divisible by m so that in fat c◦ ≥ m − 1. Sine replaing a leaf by an edge ending with
a blak vertex dereases the harge by one, up to m− 1 leaves an be replaed without any
risk to violate a white harge rule.
Proof of Theorem 9. Let T be a balaned blossom tree of total harge m in whih the
degrees of verties are multiples of m. Observe that its m single leaves (among whih the
root) end up in the innite fae of the map φ(T ) when losing the edges of T . Replae eah
of the single leaves of T (exept the root) by an edge ending with a blak vertex of degree 1.
This gives, aording to the previous lemma, a balaned blossom tree T ′ of total harge 1,
having m − 1 marked blak verties of degree 1 whih end up in the innite fae of φ(T ′)
when we lose the edges of T ′. This transformation is again a bijetion, so that Theorem 9
now follows from Theorem 7.
The following interesting variation was observed, in the non-bipartite ase, by P. Zinn-
Justin [28℄ and by Bouttier et al. [7℄. It desribes a lass of maps that are in bijetion with
trees not subjet to any balane onditions  and hene, muh easier to ount.
Theorem 11 There is a one-to-one orrespondene between (not neessarily balaned) blos-
som trees of harge 1 rooted at a leaf and 1-leg maps having a marked blak vertex of degree 1.
Similarly, there is a one-to-one orrespondene between blossom trees of harge 1 rooted
at a bud and 1-leg maps having a marked white vertex of degree 1.
Proof. Consider a blossom tree of total harge 2. Replae the root leaf by a marked blak
vertex of degree 1 and re-root the resulting tree of harge one on its unique single leaf. The
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losure then yields bijetively a 1-leg map with a marked blak vertex of degree 1. A similar
argument proves the seond statement.
5 Counting balaned trees
In view of Eq. (5) and Theorems 7 and 8, our objetive is now to ount balaned blossom
trees of total harge 1 or 2. In this setion, we establish bijetions that allow us to express
their generating funtions in terms of the generating funtions Wi and Bi of (not neessar-
ily balaned) blossom trees. These bijetions are adaptations to the bipartite ase of the
bijetions presented in [7℄.
For i ∈ Z, let Wi be the set of blossom trees of harge i rooted at a leaf (so that the
total harge is i+1). Similarly, let Bi be the set of blossom trees of harge i rooted at a bud
(their total harge is i − 1). These trees are respetively ounted by the series Wi and Bi
of Eqs. (14). Finally, for i ≥ 1, let W∗i be the subset of Wi formed of balaned trees. We
are espeially interested in the enumeration of the trees of W∗0 and W∗1 . The theorem below
implies our Theorem 3 on the enumeration of bipartite maps.
Theorem 12 There exists a simple degree-preserving bijetion between the setsW0 andW∗0∪
B2. There also exists a degree-preserving bijetion between the sets W1 and W∗1 ∪B3 ∪ (B2)2.
Before proving this theorem, let us state a similar result whih will allow us to ount ertain
m-leg maps, with m ≥ 3. It generalizes the results obtained in [5℄ for some bipartite maps
alled onstellations.
Theorem 13 Let m ≥ 1, and let Ŵi, Ŵ∗i and B̂i be the restrition of the sets Wi, W∗i and
Bi to trees in whih the degrees of all verties are multiples of m. There exists a simple
degree-preserving bijetion between Ŵm−1 and Ŵ∗m−1 ∪ B̂m+1.
Proof of Theorems 12 and 13. The rst bijetion is extremely simple to desribe: a tree
T belonging toW0 is either balaned (that is, belongs toW∗0 ) or its root leaf is mathed to a
bud. In this ase, T an be re-rooted at this bud; the resulting tree T ′ has still total harge
1 and Lemma 4 proves that it is a blossom tree, hene an element of B2. Conversely, if we
take a tree T ′ in B2 and re-root it at the leaf mathed to the root bud, we obtain a tree of
W0 that is not balaned.
We would like to have a similar argument for balaned blossom trees of total harge 2,
and, why not, of total harge k. What prevents us from doing so? Let us take a tree T
in W1: either it is balaned (that is, belongs to W∗1 ), or its root leaf is mathed to a bud.
In this ase, let us re-root T at this bud to obtain another tree T ′: then T ′ has still total
harge 2. Does T ′ satises the harge onditions? Well, not always... The following lemma
desribes in detail what might happen.
Lemma 14 Let T be a blossom tree with total harge k ≥ 2 and let e be an edge of T .
Denote by c• the harge of T
•
e and by c◦ the harge of T
◦
e , so that c• + c◦ = k.
19
• If the root of T belongs to T ◦e then the blak harge rule is satised at e (that is, c• ≤ 1)
and the harge of T ◦e is at least k−1: c◦ ≥ k−1. Hene the white harge rule is satised
at e.
• If the root of T belongs to T •e then the white harge rule is satised at e (that is, c◦ ≥ 0)
and the harge of T •e is at most k: c• ≤ k. Hene the blak harge rule might not be
satised at e.
If c• ≥ 2 the edge e is alled weak.
This lemma implies that if we re-root a blossom tree "on the wrong side" of a weak edge,
the result will not be a blossom tree. In other words:
Lemma 15 Let T be a blossom tree, and let T ′ be obtained by re-rooting T at a half-edge e.
Then T ′ is a blossom tree if and only if there is no weak edge on the path from the root of T
to e.
This leads to the notion of ore, introdued in [7℄: let T be a blossom tree and let S be the
set of weak edges of T ; the ore of T is the onneted omponent of T \ S ontaining the
root. The above lemma an be reformulated by saying that re-rooting a blossom tree gives a
blossom tree if and only if the new root as been hosen in the ore. In this ase, the ore of
the new tree oinides with that of the original tree. For trees of total harge 2, the ore an
be dened without refering to the root: onsider a tree T with total harge 2 that satises
the white harge rule at every edge; let S be the set of its weak edges (those having harge 2
at their blak endpoint); the ore of T is the unique omponent of T \S with total harge 2.
This desription of the ore will be useful in the sequel.
The above disussion shows that it is diult to haraterize the trees obtained by re-
rooting an unbalaned blossom tree T (of total harge k ≥ 2) at the bud that mathes its
root: if T has a non-trivial ore, we might obtain a tree that is not a blossom tree.
As already exemplied by the proof of Lemma 10, the assumptions of Theorem 13 make
it more diult to violate the harge rule. Let us now prove that, under these assumptions,
a blossom tree T with total harge m has an empty ore, so that the argument used in the
ase k = 1 applies again, and Ŵm−1 is indeed in bijetion with Ŵ∗m−1 ∪ B̂m+1. Assume that
T ontains a weak edge e, that is to say, T ◦e has a (nonnegative) harge c◦ = m− c• ≤ m− 2
(see Lemma 14). Equivalently, T ◦e is a blossom tree with total harge c = c◦ + 1 in the
interval [1, m− 1]. Let nb be the number of buds of T ◦e , nℓ = nb + c its number of leaves and
(λ, µ) its degree distribution. Then nb + |λ| = nb + c+ |µ|. But c belongs to [1, m− 1], and
this ontradits the assumption that m divides both |λ| and |µ|. This onludes the proof
of Theorem 13.
We are thus left with the triky seond statement of Theorem 12. It admits (at least)
two proofs, or maybe two variants of the same proof. First, one an adapt the not-so-easy
arguments of [7, Setion 3.4 and Appendix B℄. We hoose instead to present an expliit
bijetion, that an be summarized as follows. Let us take a blossom tree T inW1 having the
misfortune of being unbalaned. We want to assoiate with it an element ρ(T ) belonging to
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B3 ∪ (B2)2. As before the tree T is rooted on a leaf and we want to re-root it on a bud of
the ore. Problems arise when the bud mathed to the root by the losure is not in the ore.
The idea is then to go aross the subtrees that dangle from the ore to look further away
for our dream bud. This idea is shematized by Figure 10 whih will be explained in greater
detail below. Most of the time, we shall reah a bud of the ore, and obtain a tree of B3.
Sometimes we will fail to return to the ore, and this will yield the term (B2)2.
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Figure 10: Chains in the graphs of σ and τ . In the rst tree the root is sent to a bud of the
ore. In the seond one the root is sent to a single leaf whih is not in the ore.
In order to make the onstrution more preise, some notations are useful. They are
illustrated by Figure 10. For every tree T0 with harge zero, let us hoose a bijetion σT0 from
its buds to its leaves, ignoring the root half-edge. This bijetion may be hosen arbitrarily.
Now take a tree T with total harge 2, and assume it satises the white harge rule at every
edge (this is the ase for instane if T is a blossom tree). Let C be the ore of T (dened,
as above, without any referene to the root), and let E be the set of weak edges inident to
C. Eah edge e of E denes a subtree T ◦e of harge zero. Any vertex of T is either in the
ore or in one of the trees T ◦e , for e ∈ E. The bijetions σT ◦e , for e ∈ E, indue a bijetion
σ between the buds and leaves that are not in the ore. The losure of T indues another
bijetion τ from its non-single leaves to its buds. Observe that σ and τ do not depend on
whih half-edge is the root of T . The graph of the bijetion σ (resp. τ) is made of oriented
edges going from buds to leaves (resp. from leaves to buds). Hene the union of these two
graphs is made of oriented yles and hains on buds and leaves of T .
Assume now that T is a blossom tree from W1 \ W∗1 . The root of T is a leaf r whih is
not in the image of σ (it is in the ore) but is in the domain of τ . It is thus the origin of a
hain. What is the endpoint of this hain ? There are two ases. Either the endpoint is in
the image of τ but not in the domain of σ; that is, it is a bud b of the ore (Figure 10, left).
Or the endpoint is in the image of σ but not in the domain of τ ; that is, it is a single leaf
ℓ of T whih is not in the ore (Figure 10, right). We shall dene ρ(T ) separately in these
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two ases. Let Wb be the subset of W1 \W∗1 of trees suh that the hain starting at the root
ends at a bud, and let Wℓ be the omplementary subset.
First ase: assume that T belongs to Wb. Re-rooting the tree T on the endpoint b yields
a tree T ′. Sine b is a bud of the ore, T ′ belongs to B3. Set ρ(T ) = T ′. Conversely, take
a tree T ′ of B3. Dene the bijetions σ and τ as above. The union of their graphs denes
yles and hains. The root of T ′ is a bud of the ore, hene the endpoint of a hain. The
origin of this hain is a leaf r of the ore: indeed, these leaves are the only half-edges to be
in the domain of one bijetion and not in the image of the other. Re-rooting the tree T ′ on
r yields a tree T of Wb. Sine the denitions of σ and τ do not depend on the root, T is the
only tree suh that ρ(T ) = T ′. Hene ρ is one-to-one between Wb and B3.
Seond ase: assume that T belongs to Wℓ, and let ℓ be the single leaf ending the hain
that starts at the root of T . An example is given in Figure 11. The endpoint ℓ is not in the
ore. Therefore there is a (unique) edge e of E suh that ℓ belongs to T ◦e . Let T1 := T
•
e .
Then T1 belongs to B2, by denition of E and Lemma 15. Consider now T ◦e . It has harge
0; let us prove that is it not balaned. The hain that starts from the root of T and ends at
the leaf ℓ enters T ◦e for the rst time at a bud. This bud is mathed in T to a leaf of T
•
e , and
this prevents T ◦e from being balaned. Hene, re-rooting T
◦
e on the bud mathed to its root
yields a tree of B2, whih we denote by T2.
Let us onsider the losure of T (Figure 11). Let us denote by j1 − 1 the number of
buds of T •e that are mathed to a leaf of T
◦
e . Observe that, in the losure of T
•
e , the root
vertex of T •e lies at depth j1. Let j1,2 be the number of buds of T
◦
e that are mathed to a
leaf of T •e . Let j2,2 be the number of buds of T
◦
e that are mathed to a leaf of T
◦
e , in suh a
way the mathing edge goes around the root of T before ending at a leaf of T ◦e . Finally, let
j2 = j1,2 + j2,2. In the losure of T
◦
e , the root vertex of T
◦
e lies at depth j2. Observe that, if
the seond single leaf of T is in T •e , then j2,2 = 0. Sine T
◦
e has harge 0, ounting leaves and
buds gives j2 = j1 − 1+ j2,2 + s, where s ∈ {1, 2} is the number of single leaves of T that lie
in T ◦e . Consequently, j1 ≤ j2, and the equality holds if and only if the seond single leaf of
T is in T •e .
If ℓ′, ℓ and e appear in this order in ounterlokwise diretion around T ◦e , set ρ(T ) =
(T2, T1). In all other ases (and in partiular if ℓ
′
is in T •e ), set ρ(T ) = (T1, T2). Either ways,
ρ(T ) belongs to (B2)2.
Conversely, take a pair (Ta, Tb) of (B2)2. Let ja and jb be the depths of the roots of Ta and
Tb respetively. Rename the pair (T1, T2) if ja ≤ jb; (T2, T1) otherwise. The respetive depths
of the roots of T1 and T2 then satisfy j1 ≤ j2. Merge the root of T1 with the leaf mathed to
the root of T2. This reates an edge e and an unrooted tree T
′
. By onstrution, the tree T ′
satises the white harge rule at every edge and has total harge 2. Let C be its ore and
dene σ and τ as above. Consider the single leaves of T ′. If j1 = j2 then T2 ontains exatly
one of them, whih we all ℓ. Otherwise, the relation j1 < j2 implies that T2 ontains both
single leaves of T . Name them ℓ and ℓ′ so that the triple (ℓ, ℓ′, e) appears in ounterlowise
diretion around T2 if the original pair (Ta, Tb) was (T1, T2); in lokwise diretion otherwise.
The leaf ℓ belongs to a hain of the union of the graphs of σ and τ , and the origin of this
hain is a leaf of the ore. Re-rooting on this leaf yields a tree T of Wℓ. Sine σ and τ are
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1T
j1,2
j2,2
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l’ j2
2T
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C
T
−1
Figure 11: The deomposition of a tree T ofWℓ. The triple (ℓ′, ℓ, e) appears in ounterlok-
wise order around T ◦e , so that ρ(T ) = (T2, T1).
dened independently of the root, T is the unique tree suh that ρ(T ) = (Ta, Tb). Finally this
proves that ρ is one-to-one between Wℓ and (B2)2, and onludes the proof of Theorem 12.
6 Hard partile models on planar maps
In this setion, we onsider rooted planar maps in whih some verties are oupied by a
partile, in suh a way two adjaent verties are not both oupied. The vaant (resp. ou-
pied) verties are represented by white (resp. blak) ells. Moreover, we require the two ends
of the root edge to be vaant. We shall say, for short, that the map is rooted at a vaant
edge. Let H(X,Y ) denote the generating funtion for these maps, in whih Xk (resp. Yk)
ounts white (resp. blak) verties of degree k. As above, X stands for (X1, X2, . . .) and Y
for (Y1, Y2, . . .).
Theorem 16 The hard partile generating funtion for planar maps rooted at a vaant edge
an be expressed in terms of the generating funtion for blossom trees as follows:
H(X,Y ) = (W0 − B2)2 +W1 −B3 − B22 ,
where the series Wi ≡ Wi(x,y) and Bi ≡ Bi(x,y) are evaluated at xk = Xk for k ≥ 1,
y2 = 1 + Y2 and yk = Yk for k 6= 2.
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Proof. Take a map with hard partiles. On every edge having both ends vaant, add a
blak vertex of degree 2, of a speial shape: say, a square blak vertex (Figure 12). One thus
obtains a bipartite map satisfying the following onditions:
 the blak verties of degree 2 an be diss or squares,
 all other verties are diss,
 the root vertex is a blak square of degree 2.
We onlude using Theorem 3.
Figure 12: From a hard partile onguration to a bipartite map.
6.1 Hard partiles on tetravalent maps
We apply here Theorem 16 to tetravalent maps. That is, all the variables Xk and Yk are
zero, exept for k = 4.
As a preliminary result, we need to enumerate blossom trees having white verties of
degree 4 and blak verties of degree 2 and 4. We are atually going to solve a slightly more
general enumeration problem, by ounting blossom trees having blak and white verties of
degree 2 and 4: rst beause this problem is niely symmetri, then (and most importantly)
beause we shall need this result to solve the Ising model on tetravalent maps.
The orresponding series Wi and Bi depend on the four variables x2, y2, x4 and y4, whih
we denote below by v, w, x and y for the sake of simpliity. Observe that the harge at
the root of suh blossom trees is always odd: hene the series W2i and B2i are all zero.
Equations (2) and (3) speialize to{
W1 = v(1 +B1) + 3xB−1(1 +B1)
2,
W3 = x(1 +B1)
3,
{
B−1 = w + 3yW1,
B1 = wW1 + 3y(W3 +W
2
1 ),
and W5 = 0, while Equation (4) gives:
B3 = wW3 + yW1(6W3 +W
2
1 ). (6)
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After a few redutions, we express all the series Wi and Bi in terms of the series P = 1+B1,
whih satises:
P = 1 + 3xyP 3 +
P (v + 3xwP )(w + 3yvP )
(1− 9xyP 2)2 . (7)
In partiular,
W1 =
P (v + 3xwP )
1− 9xyP 2 and W3 = xP
3. (8)
By Theorem 16, the hard partile generating funtion on tetravalent maps an be expressed
in terms of the above series W1 and B3 with v = 0 and w = 1. We thus obtain the following
result.
Proposition 17 (Hard partiles on tetravalent maps) The hard partile generating
funtion for tetravalent maps rooted at a vaant edge is algebrai of degree 7 and an be
expressed as:
H(x, y) = xP 3 +
xP 2(3− 2P )
1− 9xyP 2 −
27x3yP 6
(1− 9xyP 2)3
where P ≡ P (x, y) is the power series dened by
P = 1 + 3xyP 3 +
3xP 2
(1− 9xyP 2)2 .
Remarks
1. This proposition is exatly Corollary 2; we have proved it without refereeing to the (more
general) Ising model.
2. The parametrization by P is equivalent the one given in [6℄ for the free energy of this
hard partile model: more preisely, upon setting x = g, y = zg and P = V/g, the equation
dening the parameter P beomes Eq. (2.14) of the above referene.
6.2 Hard partiles on trivalent maps
We apply here Theorem 16 to trivalent (or ubi) maps. That is, all the variables Xk and
Yk are zero, exept for k = 3.
We rst need to enumerate blossom trees having white verties of degree 3 and blak
verties of degree 2 and 3. Again, we shall solve a more symmetri problem by ounting
blossom trees having blak and white verties of degree 2 and 3. The orresponding series
Wi and Bi depend on x2, y2, x3 and y3, whih are denoted below by v, w, x and y. This
model is a bit more omplex than the previous one, sine now a blossom tree may have an
even harge. However, Equations (2) and (3) speialize to

W0 = vB0 + x(2B−1 + 2B−1B1 +B
2
0),
W1 = v(1 +B1) + 2xB0(1 +B1),
W2 = x(1 +B1)
2,


B−1 = w + 2yW0,
B0 = wW0 + y(2W1 +W
2
0 ),
B1 = wW1 + 2y(W2 +W0W1).
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Equation (4) then gives
B2 = wW2 + y(2W0W2 +W
2
1 ) and B3 = 2yW1W2. (9)
Let P = 1 +B1, Q = W0 and R = B0. Then

P = 1 + 2xyP 2 + P (w + 2yQ)(v + 2xR),
(1− 4xyP )Q = 2xwP +R(v + xR),
(1− 4xyP )R = 2yvP +Q(w + yQ),
(10)
and all the series Wi and Bi have simple rational expressions in terms of P,Q,R. In parti-
ular,
W0 = Q, B−1 = w + 2yQ, W1 = P (v + 2xR) and W2 = xP
2. (11)
By Theorem 16, the hard partile generating funtion on trivalent maps an be expressed
in terms of the above series Wi and Bi evaluated at v = 0 and w = 1. We thus obtain the
following result:
Proposition 18 (Hard partiles on trivalent maps) The hard partile generat-
ing funtion for trivalent maps rooted at a vaant edge is algebrai of degree 11 and an
be expressed as follows:
H(x, y) = Q2 + 2xPR− 4x2yP 3R− 2xP 2Q− 4xyP 2Q2 − 8x2yP 2QR2,
where P,Q and R are the power series dened by Eqs. (10) above, with v = 0 and w = 1.
Remark. Set v = 0 and w = 1 in (10), and eliminate R. This gives

P = 1 + 2xyP 2 +
2xPQ(1 + yQ)(1 + 2yQ)
1− 4xyP ,
Q =
2xP
1− 4xyP +
xQ2(1 + yQ)2
(1− 4xyP )3 .
This algebrai parametrization is easily keked to be the same as the one given in [6℄ for
the free energy of the hard partile model on trivalent maps: more preisely, upon setting
x = g, y = gz, P = V/(zg2) and Q = R/(zg), one reovers Eqs. (C.7) and (C.8) of the above
referene.
7 The Ising model on planar maps
In this setion, we onsider maps with white and blak verties, and enumerate them a-
ording to their degree distribution (variables Xk and Yk) and aording to the number of
frustrated edges (variable u). Let us reall that an edge is frustrated if it has a blak end
and a white one.
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7.1 General result
Theorem 19 The Ising generating funtion I(X,Y , u) for planar maps whose root vertex
is blak and has degree 2 an be expressed in terms of the generating funtions for blossom
trees:
I(X,Y , u) = Y2(u− u¯)
(
(W0 −B2)2 +W1 −B3 − B22
)
,
where the series Wi ≡Wi(x,y) and Bi ≡ Bi(x,y) are evaluated at{
x2 = u¯+X2(u− u¯),
xk = Xk(u− u¯)k/2,
{
y2 = u¯+ Y2(u− u¯),
yk = Yk(u− u¯)k/2, for k 6= 2
with u¯ = 1/u.
Proof. Take a biolored map rooted at a blak vertex of degree 2. On eah edge, add a
(possibly empty) sequene of square verties of degree 2, in suh a way the resulting map is
bipartite. An example is shown on Figure 13. Note that every frustrated edge reeives an
even number of square verties, while every uniform edge reeives an odd number of these
squares. The resulting map remains rooted at its blak vertex of degree 2, whih is not a
square.
Figure 13: An Ising onguration with a blak root of degree two and one of the assoiated
bipartite maps.
Let M˜(x,y, v) denote the degree generating funtion for the maps one obtains in that
way: in this series, the square verties are ounted by v, while the other verties are, as
usually, ounted by the variables xk and yk. The above onstrution gives
M˜(x,y, v) = I(X,Y , u) (12)
where
Xk =
xk
(v¯ − v)k/2 , Yk =
yk
(v¯ − v)k/2 and u = 1/v = v¯.
By Theorem 3, we also have
M˜(x,y, v) = y2((W0 − B2)2 +W1 −B3 − B22) (13)
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where the series Wi and Bi are evaluated at x1, x2 + v, x3, . . . , y1, y2 + v, y3, . . . The result
follows by omparison of (12) and (13).
7.2 The Ising model on quasi-regular maps
The general result above applies in partiular to quasi-regular maps, that is, maps in whih all
verties have degree m ≥ 3, exept for the root whih has degree 2. Let us make Theorem 19
expliit for the ase m = 4 (this is Proposition 1) and m = 3 (Proposition 20 below).
For quasi-tetravalent maps, we rst form the Ising generating funtion for planar maps,
rooted at a blak vertex of degree 2, having only verties of degree 2 and 4. This series is
given by Theorem 19, with Xk = Yk = 0 for k 6= 2, 4. The blossom trees ourring in this
theorem are the ones that have been ounted in Setion 6.1. Their enumeration has resulted
in Eqs. (68). Theorem 19 yields:
I(X,Y , u) = Y2(u− u¯)(W1 − B3),
where W1 and W3 are evaluated at v = u¯+X2(u− u¯), w = u¯+ Y2(u− u¯), x = X4(u− u¯)2,
y = Y4(u − u¯)2. The Ising generating funtion for quasi-tetravalent maps is obtained by
setting X2 = 0 in the series I(X,Y , u), and then by extrating the oeient of Y2: in other
words, by setting v = w = u¯ in the series W1 and W3. Proposition 1 follows.
The same argument gives the Ising generating funtion of quasi-ubi maps as
I(X, Y, u) = (u− u¯)((W0 −B2)2 +W1 − B3 − B22),
where the series Wi and Bi are given by Eqs. (911) and are evaluated at v = w = u¯,
x = X(u− u¯)3/2, y = Y (u− u¯)3/2. We thus obtain:
Proposition 20 (Ising on quasi-ubi maps) Let I(X, Y, u) be the Ising generating
funtion of quasi-ubi maps rooted at a blak vertex. The variables X and Y aount for
the number of (ubi) white and blak verties, while u ounts the frustrated edges. Then
I(X, Y, u)
u− u¯ = Q
2 +P (v+2xR)−2xyP 3(v+2xR)−2xvP 2Q−4xyP 2Q2−2yP 2Q(v+2xR)2,
where P,Q,R are the series dened by (10), evaluated at x = X(u− u¯)3/2, y = Y (u− u¯)3/2
and v = w = 1/u = u¯. All these series are algebrai of degree 11.
Remarks
1. Set w = v in (10), and denote Q¯ = v + 2yQ, R¯ = v + 2xR. Then

P = 1 + 2xyP 2 + PQ¯R¯,
(1− 4xyP )Q¯ = v + y
2x
(
R¯2 − v2) ,
(1− 4xyP )R¯ = v + x
2y
(
Q¯2 − v2) .
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The above system of equations is equivalent to the parametrization given in [4℄ for the free
energy of the Ising model on trivalent maps. More preisely, upon setting
x =
geH
c3/2
, y =
ge−H
c3/2
, v = 1/c, P =
c2z
g2
, Q¯ = −κ
c
, R¯ = −ρ
c
,
the parametrization in P, Q¯, R¯ beomes Eqs. (4041) of Ref. [4℄, with g2 replaed by −g2.
2. Erasing the root vertex of a quasi-regular map gives an authenti regular map. Thanks
to this remark, the above generating funtions an also be written as
I(X, Y, u) = u2I0,0(X, Y, u) + I0,1(X, Y, u) + I1,0(X, Y, u) + I1,1(X, Y, u),
where I0,0 is the Ising generating funtion for m-regular maps rooted at a uniformly white
edge, I0,1 is the Ising generating funtion for m-regular maps rooted at a frustrated edge
(oriented from its white endpoint to its blak one) and so on.
7.3 The Ising model on regular maps
The general result of Theorem 19 is obviously not very onvenient for solving the Ising
model on truly regular m-valent maps, for m ≥ 3. A re-rooting proedure irumvents this
diulty, to the ost of an expression of the Ising generating funtion in terms of an integral.
In the tetravalent ase at least, this integral an be evaluated as an algebrai funtion.
Suppose we are interested in the Ising enumeration of m-valent maps, rooted at a white
vertex. We still denote by I(X, Y, u) the assoiated generating funtion, where X (resp. Y )
ounts white (resp. blak) verties, and u ounts the frustrated edges. As in Setion 7.1, let
us add a sequene of verties of degree 2 on every edge, in suh a way the resulting map is
bipartite, and still rooted at a white vertex of degree m (Figure 14). Let M˜(x, y, v) be the
generating funtion for the maps thus obtained, where the verties of degree 2 are ounted
by v, and the other ones by x and y. Then
M˜(x, y, v) = I
(
x
(v¯ − v)m/2 ,
y
(v¯ − v)m/2 , v¯
)
. (14)
Now, let M¯(x, y, v) be the generating funtion M(x,y) of bipartite maps rooted at a
blak vertex of degree 2 (given by Theorem 3), evaluated at x2 = y2 = v, xm = x, ym = y, all
the other variables xk and yk being zero. Then M¯(x, y, v) + M¯(y, x, v) ounts maps rooted
at a vertex of degree 2, either blak or white. In these maps, let us orient another edge,
starting now from a white vertex of degree m: we get a doubly rooted map, whih an be
obtained in an alternative may, namely by orienting an edge that starts from a vertex of
degree 2 in a map ounted by M˜(x, y, v). In algebrai terms,
mx
∂
∂x
(
M¯(x, y, v) + M¯(y, x, v)
)
= 2v
∂M˜
∂v
(x, y, v).
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Figure 14: An Ising onguration on a tetravalent map and one of the assoiated bipartite
maps.
Integrating this equation provides the generating funtion of bipartite maps rooted at a white
vertex of degree m that ontain at least one vertex of degree 2:
M˜(x, y, v)− M˜(x, y, 0) = mx
2
∫ v
0
∂
∂x
(
M¯(x, y, z) + M¯(y, x, z)
) dz
z
. (15)
There remains to evaluate the generating funtion M˜(x, y, 0) for m-valent bipartite maps
rooted at a white vertex. By deleting the blak end of the root edge, together with the m
half-edges that are attahed to it, we obtain an m-leg map. By Theorem 9, these maps are
in bijetion with m-regular balaned blossom trees of total harge m. For m-regular blossom
trees, Eqs. (2) and (3) simply give:
Wm−1 = x(1 +B1)
m−1
and B1 = (m− 1)yWm−1, (16)
while Eq. (4) gives
Bm+1 = y
(
m− 1
2
)
W 2m−1.
Hene Theorem 13 gives the generating funtion for m-valent bipartite maps rooted at a
white vertex in the form
M˜(x, y, 0) = yW ∗m−1 = A−
(
m− 1
2
)
A2, (17)
where A = yWm−1 satises
A = xy(1 + (m− 1)A)m−1. (18)
By ombining (14), (15) and (17), we obtain an integral expression of the Ising generating
funtion of m-valent maps.
Theorem 21 The Ising generating funtion I(X, Y, u) of m-valent maps rooted at a white
vertex an be expressed as follows:
I(X, Y, u) = A−
(
m− 1
2
)
A2 +
mx
2
∫ v
0
∂
∂x
(
M¯(x, y, z) + M¯(y, x, z)
) dz
z
,
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where the series A ≡ A(x, y) is given by (18) and M¯(x, y, z) ounts bipartite maps having
only verties of degree 2 and m, rooted at a blak vertex of degree 2. Both series are evaluated
at x = X(u− u¯)m/2, y = Y (u− u¯)m/2 and v = 1/u = u¯.
As an appliation of this general result, we shall now solve the Ising model on truly
tetravalent maps. We shall see that, in this ase, the series I(X, Y, u) is itself algebrai, and
belongs to the same extension of Q[X, Y, u] as M¯(x, y, v). We expet this to be always true:
the nature of a map generating funtion should not depend on details of the hoie of the
root.
Proposition 22 (Ising on tetravalent maps) Let I(X, Y, u) be the Ising generating
funtion for biolored tetravalent maps rooted at a white vertex. Let P (x, y, v) be the power
series dened by the following algebrai equation:
P = 1 + 3xyP 3 + v2
P (1 + 3xP )(1 + 3yP )
(1− 9xyP 2)2 .
Then I(X, Y, u) an be expressed in terms of P (x, y, v), with x = X(u− u¯)2, y = Y (u− u¯)2
and v = u¯ = 1/u. One possible expression is:
I(X, Y, u) =
1
9
(
135x2y2P 6+72xy2P 5−3y(15x+8y−3v2y+36xy)P 4
−y(32 + 3v2 − 36x− 36y)P 3 − (3 + 2v2 − 72y)P 2 + 12(1− 3y)P − 9
)
+
(1− P − yP 2)(1 + 3yP )(12− 8P + 3v2P )
9(1 + 3xP )
.
As P itself, the series I(X, Y, u) is algebrai4 of degree 7.
Proof. To begin with, we have to ount blossom trees having only verties of degree 2 and
4. This has been done in Setion 6.1, and has resulted in Eqs. (68). We only need the ase
w = v, whih gives the above parametrization for P .
We shall now merely sketh the rest of the omputation, for whih it is useful to use a
omputer algebra software, like Maple. From Theorem 3, we obtain an expression of the
generating funtion M¯(x, y, v) that ounts bipartite maps rooted at a blak vertex of degree
2 in terms of the above parameter P . We then ompute the derivatives of P with respet
to x and v. Both derivatives are rational funtions of x, y, v and P . Observe that, from the
equation dening P , we an express any even funtion of v in terms of x, y and P .
However, the integrand ourring in Theorem 21 is an odd funtion of v (or z...). But so
is the derivative of P with respet to v. The ombination of these two remarks allow us to
write the integrand in the form
N(x, y, P )
D(x, y, P )
∂P
∂z
(x, y, z),
where N and D are polynomials in x, y and P , not involving z. Hene the integral beomes∫ P (x,y,v)
P (x,y,0)
N(x, y, p)
D(x, y, p)
dp.
The integrand is now an expliit rational funtion, and its primitive turns out to be rational
too. Hene the integral of Theorem 21 is a rational funtion of x, y, P (x, y, v) and P (x, y, 0).
But the series P (x, y, 0) is losely related to the series A: indeed, P (x, y, 0)− 1 ≡ B1(x, y, 0)
ounts blossom trees with regular 4-valent verties, so that P (x, y, 0) = 1 + 3A (see (16)).
The terms involving A miraulously vanish in the expression of I(X, Y, u), and we end up
with the not-so-simple, but algebrai, formula of Proposition 22.
Remarks
1. The above equation dening P (x, y, v) is equivalent to the parametrization given in [4℄
for the free energy of the Ising model on tetravalent maps. More preisely, upon setting
x =
−geH
c2
, y =
−ge−H
c2
, v = 1/c and P = −c2z/(3g),
4
But the algebrai equation satised by I is not something one likes to see.
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the above parametrization in P beomes Eq. (17) of Ref. [4℄.
2. Set X = tX and Y = tY , so that t ounts the number of verties. Then
I(tX, tY, u) = t(2X) + t2(9X2 +XY (8u2 + u4)) +O(t3).
The orresponding Ising ongurations are shown on Figure 15.
4XYu2 24XYu 4XYu
24X  24X  2X  2X
Figure 15: The (unrooted) tetravalent maps at least one white vertex (and a most two
verties). The multipliities give the number of ways to root at a white vertex, and eah
rooted map is then weighted as in I(X, Y, u).
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